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Week 71 :

Introduction to dual complexes .



Centers & places :

IX.4) be a log canonical
pair .

A t.og-anoni-paceEoj-CX.LI ) is a divisor
over ✗

for which QECX ,41--0 .

A logca-wnia.enterofcx.LI is the
image CXCE)

(or center ) of a hog canonical place

Proposition : Let IX.d) be a log canonical
pair .

The following statements hold :

it IX.G) has finitely many
taels

.

in The intersection of two Icc's is union of Ico 's .

Example : Dn singularity { x4y3- + a- " '
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Divisional} log terminal sing CJH
sing
) :

Definition : A log canonical
pair IX.G) is said to be

diurnally log terminal if there exists VEX :

1) U is smooth & Latter is snc ,
and

.

2)
every

t.cc of IX.It intersects 0 and is given

by strata of Lab .

We
say

that a Jlt
parr

CX.AT is purely log terminal

if every
Icc of CX

, A) is divisional
.

Remains : ( X,d) is Jlt .

. then
any

connected intersection

of comp of Lat is irreducible
.

•
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quot sort [Air, L ) (AP ,htld cone overAh not ol
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terminal ⇒ canonical ⇒ bit → pit → Ht → k .
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kg canonical places of ( AP
, Hit Hz+H, )

are parametrized by ⑥- points in the
Ch- il - simpler .

standard 2- simplex .

Proposition : Let CX ,A) be a log canonical
pair .

There exists a projective birational morphism or:-c→ ✗ :

it the exceptional lows Excel is purely tix .

iil
every prime

EEEXCR ) satisfies oeECX.LI ) - o ,
and

.

iiis the
parr

CT
,
d-c) is dlt where K=r•Ck×+d)

Remark 1 : CT.IT ) reduced toric
pair , then a Jtf

modification is a log resolution

Rmnr 2: In Jim > 3, there is no minimal dlt mod
.



Dual complexes :

2-- Uzi pure
dim scheme with comp Zr .

Assume :
i c- I

il each comp
Zi is normal

,
and

ii ) for every JEI , if Mies Zo is non - empty .

then
every comp of Miao Zi is irreducible

c- dual complex of Z
DCZI is a regular complex cell obtained as following :

vertices <→ Ei
.

each
comp WE Ajar Zj <→ Vw of Jim 101-1

.

Def 1 : CY.LI -c) is At Dallas ) =D Cute] )

Def 2 : The dual complex of CXid ) associated
to the Jlt notification ticket→ IX.G)

EFX.4-cl.i-DCLL.cl ) .



Examples & Theorems :
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Theorem : Let trial be a Jlt pair of Jim

n &
- (Hita ) is ample .

Then DCX.LI ) = Sir where Ken -1 .

Theorem : Let IX.a) be a log canonical
pair

which is log CT ,
✗+0=-0 . Then the set

of log canonical centers is connected unless the Jlt

modification of CX.LI ) is plt and has exactly two
.

disjoint components .

Example : ☒
'

✗ pi
.



dit dit .

IX.d) - - - → (T.IT)

Chita ) -MMP

② : How to DCX.LI ) and Dade ) compare ?
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Dual complexes under the MMP :

Theorem : Let IX.d) be a Jlt pair .

& fix - -→ T a Ckx +41 - MMP step

with extremal ray R . Set It - f- * d.

Assume there is Do G- LAI a component with

Do . R > 0 .
Then DCX,d) collapses to DCT.de) .

Stretch : 2- C- Ex (f) and Z is an irreducible (
comp of Don D:

Then
,
there exists Zt comp of Mies Di

with 2-
+ nD☐=z

,
zts E- ✗ (f) .

/
WE Do with Excf) 2W ,

then

}W-i-WADo.is Ex (f) 2W ?

2-→ zt W→W -



MEDCX.LI ) union of all cells

Vz where 2- C- Ex Cf)

⑦CT,4x ) - DCX.LI )\M .

cells of M come in pain
.

( ( roo .VN > , Vw ) .

" ¥#¥¥¥tVtonw

J
star type

Linotype

If vw c- M is a facet of Ke ,
then Hr c- Me

If ( Glo .vn?.rw ) is maximal
,
then is a free pair .

☐ .



Corollary 22 : (✗ id ) Jlt ,
y
:X→ z

f :X -
→ T (Hita) - HMP step . over Z

.

24--4*4 .
Aooume there is a

g-
trivial

effective tremor where
rppor is LII

.

Then ?⃝(Ka ) collapses to DCI-7 )
.

Lemma 23 : X
,
T ⑥ - factorial normal xarrek.eu .

p : T- X projective birational . IET at CYP ) is la

Let f- : T - - → Y , a (Kyte ) -MMP step . over ✗ .

Let R be the corresponding Cketsi ) - extremal ng ray . Then:

it There exists ERE Excp ) et CER -
R ) > o

, or

ii , f contracts Ef C- Excps and Yi→ ✗ is

an isom at the
generic point of fCEf ) .



Theorem 3 : Exod ) quasi
-

pro;
Jlt

.

g
:'(→ ✗ log resolution

.

E : _- soppy
"

flat ) .

Asoome ✗ is ②- factorial .

Then DCE ) collapses to DCX.lt ) .

Proof : I --gñ<
"
+ E + 2T£ Fi .

B- ( Kitts ) 2 Fi for each i.

+E) - MMP over X

Y - -
-→ (T :D -a)

I
v.
✓ DCY

, F) =D (E)

L collapsesIX. d)
DC-i.am

DCX.LY-collapse ☐



Corollary : (✗ old ) log canonical
.

Then the PL - homeomorphism class of

DCX.LY is well - defined .

.


